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Abstract. The notion of p-compact sets arises naturally from Grothendieck's character- 
ization of compact sets as those contained in the convex hull of a norm null sequence. 

CSJ ■ The definition, due to Sinha and Karn (2002), leads to the concepts of p-approximation 

{^X), property and p-compact operators, which form a ideal with its ideal norm Hp. This paper 

examines the interaction between the p-approximation property and certain space of holo- 

morphic functions, the p-compact analytic functions. In order to understand these functions 

\l ' we define a p-compact radius of convergence which allow us to give a characterization of 

the functions in the class. We show that p-compact holomorphic functions behave more 

■^ , like nuclear than compact maps. We use the e-product of Schwartz, to characterize the p- 

approximation property of a Banach space in terms of p-compact homogeneous polynomials 

i -p, ' and in terms of p-compact holomorphic functions with range on the space. Finally, we show 

2 ' that p-compact holomorphic functions fit into the framework of holomorphy types which 

allows us to inspect the Kp-approximation property. Our approach also allows us to solve 
several questions posed by Aron, Maestre and Rueda in [2]. 
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Introduction 



In the Theory of Banach spaces (or more precisely, of infinite dimensional locally con- 
vex spaces), three concepts appear systematically related since the foundational articles by 
k> ! Grothendieck [21] and Schwartz |28]. We are referring to compact sets, compact operators 

and the approximation property. A Banach space E has the approximation property when- 
ever the identity map can be uniformly approximated by finite rank operators on compact 
sets. Equivalently, if E' ® E, the subspace of finite rank operators, is dense in Cc{E]E), 
the space of continuous linear operators considered with the uniform convergence on com- 
pact sets. The other classical reformulation states that E has the approximation property if 
F' (S) E is dense in /C(F; E), the space of compact operators, for all Banach spaces F. It was 
not until 1972 that Enflo provided us with the first example of a Banach space without the 
approximation property [I9]. In the quest to a better understanding of this property and 
the delicate relationships inherit on different spaces of functions, important variants of the 
approximation property have emerged and were intensively studied. For the main develop- 
ments on the subject we quote the comprehensive survey [9] and the references therein. 
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Inspired in Grothendieck's result which characterize relatively compact sets as those con- 
tained in the convex hull of a norm null sequence of vectors of the space, Sinha and Karn 
[29] introduced the concept of relatively p-compact sets. Loosely speaking, these sets are 
determined by norm p-summable sequences. Associated to relatively p-compact sets we have 
naturally defined the notions of p-compact operators and the p- approximation property (see 
definitions below). Since relatively p-compact sets are, in particular, relatively compact, 
the p-approximation property can be seen as a way to weaken the approximation property. 
These three concepts were first studied by Sinha and Karn [291 EO] and, more recently, several 
authors continued the research on this subject [101 [121 [131 [3 [20] . 

This paper examines the interaction between the p- approximation property and the class 
of p-compact holomorphic functions. The connection between the approximation property 
and the space of holomorphic functions is not without precedent. The pioneer article on 
this topic is due to Aron and Schottenloher [5], who prove that a Banach space E has the 
approximation property if and only if {'H{E), tq), the space of the entire functions with the 
compact open topology, has the approximation property. Since then, many authors studied 
the approximation property for spaces of holomorphic functions in different contexts, see 
for instance [6l [71 [T71 [HI [2l] . Recently, Aron, Maestre and Rueda [2] prove that E has the 
p-approximation property if and only if {1-L{E), tq^) has the approximation property, here rop 
denotes the topology of the uniform convergence on p-compact sets. The relation between 
the approximation property and holomorphic mappings was studied in detail in [5], where 
the class of compact holomorphic functions play a crucial role. 

The article is organized as follows. In the first section we fix the notation and state some 
basic results on p-compact mappings. In Section 2 we study the behavior of p-compact ho- 
mogeneous polynomials which can be considered as a polynomial Banach ideal with a natural 
norm denoted by Kp. Following [10] we show that any p-compact homogeneous polynomial 
factors through a quotient of ii and express the Kp-norm in terms of an infimum of certain 
norms of all such possible factorizations. This result slightly improves [lOl Theorem 3.1.]. 
We also show that the Aron-Berner extension preserves the class of p-compact polynomials 
with the same norm. Finally we show that there is an isometric relationship between the 
adjoint of p-compact polynomials and quasi p-nuclear operators, improving the analogous 
result for operators [H]. 

Section 3 is devoted to the study of p-compact holomorphic mappings. Since p-compact 
functions are compact, we pay special attention to the results obtained by Aron and Schot- 
tenloher [5], where the authors prove that any holomorphic function is compact if and only 
if each polynomial of its Taylor series expansion at is compact, [HI Proposition 3.4]. Then, 
Aron, Maestre and Rueda [2l Proposition 3.5] show that each component of the Taylor series 
expansion of a p-compact holomorphic mapping has to be p-compact. We define a natural 



p-compact radius of convergence and, in Proposition 13.41 we give a characterization of this 
type of functions. Surprisingly, we found that p-compact holomorphic functions behave more 



like nuclear than compact mappings. We show this feature with two examples. Example 13.71 
shows that Proposition 13.41 cannot be improved and also that it is possible to find an entire 
function whose polynomials at are p-compact but the function fails to be p-compact at 0, 
which answers by the negative the question posed in PI Problem 5.2]. In Example 13.81 we 
construct an entire function on £i which is p-compact on the open unit ball, but it fails to be 
jj-compact at the first element of the canonical basis of ii, giving an answer to [21 Problem 
5.1]. 

We apply the results of Section 2 and 3 to study the p-approximation property in Section 4. 
We characterize the p- approximation property of a Banach space in terms of p-compact 
homogeneous polynomials with range on the space. Our proof requires the notion of the 
e-product of Schwartz [28]. We also show that a Banach space E has the p- approximation 
property if and only if p-compact homogeneous polynomials with range on E can be uniformly 
approximated by finite rank polynomials. Then, we give the analogous result for p-compact 
holomorphic mappings endowed with the Nachbin topology. Proposition 14.71 

The final section is dedicated to the p-compact holomorphic mappings withing the frame- 
work of holomorphy types, concept introduced by Nachbin [25], [26] . This allows us to inspect 
the Kp-approximation property introduced, in [13], in the spirit of [3 Theorem 4.1]. 

For general background on the approximation property and its different variants we refer 
the reader to [HIES]. 

1. Preliminaries 

Throughout this paper E and F will be Banach spaces. We denote by Be the closed unit 
ball of E, by E' its topological dual, and by ip{E) the Banach space of the p-summable 
sequences of elements of E, endowed with the natural norm. Also, co{E) denotes the space 
of null sequences of E endowed with the supremum norm. Following [29], we say that a 
subset K C E is relatively p-compact, I < p < oo, ii there exists a sequence {xn)n C ip{E) 
so that K is contained in the closure of {^anXn'- {c(n)n ^ Bi^}, where Bi^ denotes the 
closed unit ball of ig, with - + - = 1. We denote this set by p-co{x„} and its closure by 
JFcolxn}- Compact sets are considered oo-compact sets, which corresponds to g = 1. When 
p = 1, the 1-convex hull is obtained by considering coefficients in Bi^ or, if necessary, with 
some extra work by coefficients in Bc^, see [TH Remark 3.3]. 

Since the sequence {xn)n in the definition of a relatively p-compact set K converges to 
zero, any p-compact set is compact. Such a sequence is not unique, then we may consider 

mp{K]E) = inf{||(x„)„,||p: K C p-co{xn}} 

which measures the size of ii" as a p-compact set of E. For simplicity, along this work 
we write m.p{K) instead of mp{K;E). When K is relatively p-compact and (x„)„, C ip{E) 
is a sequence so that K C p-co{x„}, any x E K has the form x = J^^n^n with (a„)„ 
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some sequence in Be^. By Holder's inequality, we have that ||x|| < ||(a;„),„||£p(£;) and in 
consequence, ||x|| < mp{K), for all x E K. We will use without any further mention the 
following equalities: mp{K) = mp{K) = mp{r{K)), where T{K) denotes the absolutely convex 
hull of K, a relatively p-compact set. 

The space of linear bounded operators from E to F will be denoted by C{E; F) and 
E' ® F will denote its subspace of finite rank operators. As in [29], we say that an operator 
T G C{E] F) is p-compact, 1 < p < oo, if T{Be) is a relatively p-compact set in F. The 
space of p-compact operators from E to F will be denoted by Kp{E] F). If T belongs to 
Kp{E; F), we define 

Hp(T) = inf {II (?/„,)„ lip! (y„)„ G ip{F) and T{Be) C p-co{y„,}}, 

where Kqo coincides with the supremum norm. It is easy to see that Kp is a norm on Kp{E] F) 
and following [27] (see also [2]) it is possible to show that the pair {Kp, Kp) is a Banach 
operator ideal. 

The Banach ideal of p-compact operators is associated by duality with the ideal of quasi- 
p- nuclear operators, introduced and studied by Persson and Pietsch [27]. A linear operator 
T e C{E]F) is said to be quasi p-nuclear if jpT: E — )■ £oo(-Bf') is a p-nuclear operator, 
where jp is the natural isometric embedding from F into iooiBp')- It is known that an 
operator T is quasi p-nuclear if and only if there exists a sequence (x^)„ C ip{E'), such that 



\Tx\\ < [Y.M^)\'y ^ 



for all X E E and the quasi p-nuclear norm of T is given by 

n 

The space of quasi p-nuclear operators from E to F will be denoted by QAfp{E; F). The 
duality relationship is as follows. Given T G C{E;F), T is p-compact if and only if its 
adjoint is quasi p-nuclear. Also, T is is quasi p-nuclear if and only if its adjoint is p-compact, 
see [m Corollary 3.4 ] and [HI Proposition 3.8]. 

A mapping P: E ^ F is an ?7i- homogeneous polynomial if there exists a (unique) sym- 

V 

metric ?Ti-linear form P: E x ■ ■ ■ x E —^ F such that 



P{x) = P{x, . . . ,x), 

for all X E E. The space of ?7i-homogeneous continuous polynomials from E to F will be 
denoted by V{"^E; F), which is a Banach space considered with the supremum norm 

||P||=sup{||P(x)||: xeBE}. 



Every P G V{"^E, F) has associated two natural mappings: the linearization denoted 
by Lp G jC{^^ E] F), where (^^ E stands for the completion of the symmetric ?n-tensor 
product endowed with the symmetric projective norm. Also we have the polynomial P G 
V{"^E",F"), which is the canonical extension of P from E to E" obtained by weak-star 
density, known as the Aron-Berner extension of P [T]. While ||-^p|| < ^^||P||, P is an 
isometric extension of P [11] . 

A mapping f : E ^ F is holomorphic at Xq G -E if there exists a sequence of polynomials 
Pmfixo) e V{"'E, F) such that 

oo 

fix) = X] ^™/(^o)(2; - Xo), 

m=0 

uniformly for all x in some neighborhood of Xq. We say that Ylm=oPmf{xo), is the Taylor 
series expansion of / at xq and that Pmf{xo) is the ?Ti-component of the series at Xq. A 
function is said to be holomorphic or entire if it is holomorphic at x for all x G P. The space 
of entire functions from E to F will be denote by 'H{E; F). 

We refer the reader to p^ [23] for general background on polynomials and holomorphic 
functions. 

2. The ^-compact polynomials 

We want to understand the behavior of of p-compact holomorphic mappings. The defini- 
tion, due to Aron, Maestre and Rueda [2] was introduced as a natural extension of p-compact 
operators to the non linear case. In [2] the authors show that for any p-compact holomorphic 
function each m-homogeneous polynomial of its Taylor series expansion must be p-compact. 
Motivated by this fact we devote this section to the study of polynomials. 

Recall that P G V{"^E] F) is said to be p-compact, 1 < p < oo, if there exists a sequence 
{yn)n e ip{F), {yn)n G cq if p = OO, such that P{Be) C {Yl°^=i(^nyn-- {an)n € -BfJ, where 
- + - = 1. In particular, any p-compact polynomial is compact. We denote by VxpiJ^E; F) 
the space of p-compact m-homogeneous polynomials and by Vk{"^E; F) the space of compact 
polynomials. Following [13], for P G Vk {"^E; F) we may define 

Kp{P) = inf {||(y„)„||p: (y„)„ G ip{F) and P{Be) C p-co{y„}}. 

In other words, Hp{P) = mp{P{BE))- It is easy to see that Up is, in fact, a norm satisfying that 
||-P|| ^ i^piP), for any p-compact homogeneous polynomial P, and that (Vk {"^E; F), Up) is 
a polynomial Banach ideal. Furthermore, we will see that any p-compact ?7i-homogeneous 
polynomial factors through a p-compact operator and a continuous ?7i-homogeneous polyno- 
mial. Also, the Kp-norm satisfies the natural infimum condition. 

Lemma 2.1. Let E and F he Banach spaces and let P G V{"^E; F). The following state- 
ments are equivalent. 
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(i) P is p-compact. 
(ii) Lp : (3)™ E —> F, the linearization of P , is a p-compact operator. 

Moreover, we have i^p{P) = hip{Lp). 

Proof. To show the equivalence, we appeal to the familiar diagram, where A is a norm one 
homogeneous polynomial (A(x) = x™) and P = LpA: 




®ZE 



Note that the open unit ball of (^^ E is the absolutely convex hull T{x'^: ||x|| < 1}. 
Then, we have that P{Be) C r({Lp(x'"): ||a;|| < 1}) = T{P{Be)). Now, the equality 
Lp{T{x'^: \\x\\ < 1}) = V{P{Be)) shows that any sequence (y„,)„ G ^p(-F) involved in the 
definition of Hp{P) is also involved in the definition of Kp{Lp) and vice versa, which completes 
the proof. D 

Sinha and Karn [291 Theorem 3.2] show that a continuous operator is p-compact if and 
only if it factorizes via a quotient of £q and some sequence y = {yn)n G f-p^F). Their 
construction is as follows. Given y = {yn)n G £p{F) there is a canonical continuous linear 
operator 6y\ Iq ^ F associated to y such that on the unit basis of £g satisfies 9y{en) = yn- 
Then, 6y is extended by continuity and density. Associated to 6y there is a natural injective 
operator 6y: ig/keiOy -^ F such that Oy[{an)n] = Oy{{an)n) with \\6y\\ = \\6y\\ < \\y\\ep{F)- 
Now, if we start with T belonging to Kp{E;F), there exists y = {yn)n G C-pi^F) so that 
T{Be) C p-co{yn} and, via 6y, it is possible to define an operator Ty-. E ^ ig/kerOy by 
'^yi^) = [('^n)".] where («„)„ E £q is a sequence satisfying that T{x) = Yl!^=i^nyn, which 
exists by the p-compactness of T. Note that the operator Ty is well defined, ||Ty|| < 1 and T 
satisfies the factorization T = 9yTy, where 6y is p-compact and Kp{Oy) = \\y\\ep{F)- It is clear 
that, if an operator S admits such factorization, then S is p-compact. 

Given a sequence y = {yn)n G ip{F), Choi and Kim [lOl Theorem 3.1] factorize the operator 
9y through £i as the composition of a compact and a p-compact operator, concluding that any 
p-compact operator T factors through a quotient space of ii as a composition of a compact 
mapping with a p-compact operator. 

The behavior of p-compact polynomials is similar to that described for p-compact opera- 
tors. In the proposition below a slight improvement of [lOl Theorem 3.1] is obtained. We 
prove that the corresponding factorizations via a quotient of ii suffice to characterize Kp{P) 
for P a p-compact polynomial and therefore, for a p-compact operator. In order to do so, 
we will use the following technical lemma. Although we believe it should be a known basic 
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result, we have not found it mentioned in the hterature as we need it. Thus, we also include 
a proof. 

First, we fix some notation: for a C N a finite set, we write S(j{r) = ^„go-'""- The 
following fact has a direct proof. Let ai, (J2, . . . be a disjoint sequence of finite sets such that 
its union, U„(T„, is infinite. Take < r < t < 1 and consider the sequence /3 = (/3„)„ defined 
by /3n = 'sWi' "^^^ ^^^ ^' '^^^^' /^ belongs to Bc^. 

Lemma 2.2. Let 1 < p < 00. Given (x„)„ G ip and e > 0, there exists (3 = {/3n)n £ -Bcq 
such that {f^)n G ip and ||(|^)n||p < ||(a;„)n||p(l + e)- 

Proof. It is enough to prove the lemma for (x„)„ G ii with ||(x„)„||i = 1. Indeed, suppose the 
result holds for this case. Fix {xn)n £ ^p, a nonzero sequence and consider the sequence {zn)n 

P 

defined by Zn = irr^^~iW: which is a norm one element of £1. Given e > 0, take («„)„ ^ -Ben 

II y^njn \\p ^ 

such that ||(^^)nlli < 1 + £^ and the conclusion follows with B = (a-n )n- 

Now, suppose {xn)n ^ ii and ||(a;„)„||i = 1, we also may assume that x^ 7^ for all n. 
Choose 5 > such that j^ < I + e. We construct /3 inductively. 

Since |xi| < 1, there exists mi G N such that if cti = {1,2, .. . ,mi}, then |xi| < 5'o-i(|). 
Let 77-1 > 2 be the integer so that J2n<n \^n.\ < 'S'o-j^(l) and Yln=i l^™l — 'S'cri(|)- Then, there 
exists < t„^ < 1 such that 

/ ^ \Xn\ ~r tni\Xni\ ^ '-'o"i\2' anCl yi t-mJI-^nil ~r / ^ \Xn\ / ^ 1,2'' ' 

n<ni n>ni n>m\ 

Now, since (1 — tnJkml + kni+i| < Z]n>mi(2)"' ^^lere exists ni2 > mi such that if cr2 = 
{mi + 1, . . . ,m2} we have that (1 — tnJIa^nJ + km+il < S^^i^)- Let 77-2 > rii + 1 be the 
integer such that {l-trn)\xrn\ + Y.nl+i l^"l < 'S'<^2(|) and {l-tn^)\xnA + Y.Z+i\^n\ > •S'aad)- 
Then, there exists < t„2 < 1 such that 

\^ '^ni )\ -^ni I ~r / ^ | -^n | ~r t'n2 I •^n2 I '-'o"2 \ 2 ' anCl (^ i t^j J | X^^j | + / ^ 1 3^n | / ^ (, 2 / ' 

ni<n<n.2 n>n2 n>m2 

Continuing this procedure, we can find nj,mj E N, Uj + 1 < nj+i,mj < m^+i Vj, and 
< tn < 1 such that, if aj = {mj_i + 1, . . . , m^}, then we obtain 

(1 - ^n,_i)|a;„^_il + ^ \xn\ + tnj\xn,\ = 'S'a,(|), for all j > 2. 

nj_i<7i<nj 

Now, with no = 0, choose /3 such that 



^n' = < 



. ^£tz1 _L fl _ + Nffifii^ ;f 77-77- 



— it 7T,,_i < n < Hj 



I S^S) 
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Put Cj = -TT— rn-, as we mentioned above \cj\ > 1 and Cj — )■ oo, then (/?„)„ G Beg. Finally, 
we have 



n<ni j'>2 nj — i<n<nj j'>2 



C\ 



/ J I -^n I ~r ''ni Cl I ^Cni I ~r 1^ i ''m J '--2 | X^-^ \ 



n<ni 



1 / ^ / ^ ^jl'^nl ~r / ^ '''rijCj \Xnj \ \ \^ ^'nj)Cj-\-'l\Xnj\ 

j>2 nj-i<n<nj j>2 

I / J I •''n I ~r ''ni I Xm \ j ~r y ^ j \\ "j - 1 / I "j — 1 1 "*" / ^ I X-n \ ' ^rij \ X-rij 



Cl ^ 

n<ni j>2 nj — i<n<n 

^00 Q fl±5\ _ 1+5 



Thus, the lemma is proved. D 



Proposition 2.3. Let E and F he Banach spaces, 1 < p < oo, and P G V{"^E; F). The 
following statements are equivalent. 

(i) PeVK.i'^E^F). 

(ii) There exist a sequence {yn)n G ip{F), a polynomial Q G V{"^E;iq/keT9y) and an 
operator T G ICp{iq/keT6y; F) such that P = T o Q. In this case 

Kp{P) = mi{\\Q\\K,{T)}, 

where the infimum is taken over all the possible factorizations as above. 
(iii) There exist a closed subspace M (Z ii, a polynomial Q G V{"^E]iq/keT6y) and op- 
erators R G Kp{iq/kerey-Ji/M) and S G /C(£i/M; F) such that P = SRQ. In this 
case 

K,iP) = mi{\\Q\K{R)\\S\\}, 
where the infimum is taken over all the possible factorizations as above. 

Proof. It is clear that either (ii) or (iii) implies (i). 

Now, assume that P is a p-compact polynomial. By Lemma 12.11 we have that P = LpA, 
where Lp is a p-compact operator and A is a norm one polynomial. Applying [2^ Theorem 
3.2] to Lp we have that Lp = 9y{Lp)y where y = {yn)n ^ ^p{.F) is such that Lp{B^rn ^) c 
p-co{yn}, with Kp{9y) = \\y\\ij,{F) and ||(i^p)j;|| < 1. 

Then, P = TQ for T = 6y and Q = {Lp)yA, see the diagram below. Also, we have that 
whenever P = TQ as in (ii), Hp{P) < Kp(T)\\Q\\. Again by Lemma 12711 Kp{Lp) = Kp{P) 
and, since 11 A 11 = 1, the infimum is attained. 



To show that (i) implies (iii), we again consider the p-compact operator Lp and the fac- 
torization Lp = 9y{Lp)y. Now we modify the proof in (TDl Theorem 3.1] to obtain the 



infimum equality. Fix e > and suppose y = {yn)n is such that ||(2/n)n||£p{F) < f^p{Lp) + e. 
Using Lemma W?2\ choose {I3n)n £ -Bco such that (|^)n belongs to £p(-F) with ||(j^)n.||£p < 

\\{.yn)n\\i^{F) +e. 

For simplicity, we suppose that i/n j^ , for all n. Now, define the operator s: £i — )■ F as 
■5((7n)n) = Xln. 7n?/"-irnT ^^ich Satisfies ||s|| < ||/3||oo < 1, and consider the closed subspace 
M = kers C ii. Then, we may set R: Ig/kerOy — ?■ ii/M the linear operator such that 
-R([(«n)n]) = [(«n%^)n] and, with S the quotient map associated to s we get the following 
diagram: 

p 




iStZE—^iJkerey—^h/M 

(Lp)y U 

Then, P = SRQ, with Q = {Lp)yk and ||5||, ||Q|| < 1. Since R{B,j^,,ey) C J^co{[^e„]}, 
by the choice of /3, R is p-compact and fi;p(_R) < ||(^^)n||p < ||(2/n)n||^p(F) + £■ 

Finally, 

^^p{P) < \\S\\Kp{R)\\Q\\ < \\{yn)n\W(F) + e< Kp{Lp) + 2e. 



By Lemma [2.11 the proof is complete. D 

It was shown in [T3], that an operator T: E —^ F is p-compact if and only if its bitrans- 
pose T": E" — )■ F" is p-compact with K,p(T") < Hp{T). In [20], it is shown that, in fact, 
Kp{T") = Hp{T) regardless T" is considered as an operator on F" or, thanks to the Gant- 
macher theorem, as an operator on F. This result, allows us to show that the Aron-Berner 
extension is a Kp-isometric extension which preserves the ideal of p-compact homogeneous 
polynomials. Recall that P denotes the Aron-Berner extension of P. 

Proposition 2.4. Let E and F be Banach spaces, 1 < p < oo, and P G V{"^E] F). Then 
P is p-compact if and only if P is p-compact. Moreover, Hp{P) = Kp{P). 

Proof. Clearly, P is p-compact whenever P is and also Hp{P) < K,p{P)- Now, suppose that 
P is p-compact. By Lemma [2. 11 we can factorize P via its linearization as P = LpA, with 
II A II = 1 and Lp a p-compact operator. Since P = LpA, by [14], P is p-compact with 
f^piP) ^ i^p{L"p). Now, applying [20] and Lemma |2.H Hp{L"p) = K,p{Lp) = Kp{P), which 
gives the reverse inequality. D 

We finish this section by relating the transpose of p-compact polynomials with quasi p- 
nuclear operators. Given an homogeneous polynomial P its adjoint is defined as the linear 
operator P' : F' ^ Vi^E) given by P'{y') = y' o P. In [20], it is shown that the transpose 
of a p-compact linear operator satisfies the equality Hp(T) = u^{T'). Since P' = L'p, where 
Lp is the linearization of P, using Lemma [2.11 we immediately have: 
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Corollary 2.5. An homogeneous polynomial P G V{"^E; F) is p-compact if and only if its 
transpose P' G C{F'\V{^E)) is quasi p -nuclear, and Hp{P) = z/^(P'). 

When this manuscript was completed we learned that R. Aron and P. Rueda were also 
been working on p-compact polynomials [3]. They obtained Lemma [2.11 and a non isometric 
version of the corollary above. 



3. The ^-compact holomorphic mappings 

In this section we undertake a detailed study of p-compact holomorphic mappings, whose 
definition recovers the notion of compact holomorphic mappings for p = oo, [2]. Recall that 
for E and F Banach spaces, 1 < p < oo, a holomorphic function f : E ^ F is said to be 
p-compact at xq if there is a neighborhood \4„ of xq, such that fiVxo) C -F is a relatively 
p-compact set. Also, / G 'H{E; F) is said to be p-compact if it is p-compact at x for all 
X E E. We denote by TiKpiE; F) the space of p-compact entire functions and by Hk^E; F) 
the space of compact holomorphic mappings. For homogeneous polynomials, it is equivalent 
to be compact (p-compact) at some point of E or to be compact (p-compact) at every point 
of the space [2], [5] . The same property remains valid for compact holomorphic mappings O 
Proposition 3.4]. We will see that the situation is very different for p-compact holomorphic 
functions, 1 < p < oo. Furthermore, we will show that p-compact holomorphic mappings, 
1 < p < oo, behave more like nuclear than compact holomorphic functions. 

Having in mind that [Vk {"^E; F), Hp) is a polynomial Banach ideal with Hp{P) = mp{P{BE)), 
and that all polynomials in the Taylor series expansion of a p-compact holomorphic function 
at Xq are p-compact [2], Proposition 3.5], we propose to connect the concepts of p-compact 
holomorphic mappings and the size of p-compact sets measured by mp. We start with a 
simple but useful lemma. 

Lemma 3.1. Let E be a Banach space and consider Ki, K2, . . . a sequence of relatively p- 
compact sets in E, 1 < p < 00. IfYlT=i "^pi^j) < '^^' ^^^'^ ^^^ series X^^i^j ^■^ absolutely 
convergent for any choice of Xj G Kj and the set K = {YlTLi^j'- ^j ^ ^j} ^■s relatively 
p-compact with mp{K) < J^JLi "^pi^j) < 00. 

Proof. Note that K is well defined since for Xj G Kj, \\xj\\ < mp{Kj), for all j and 

First, suppose that p > 1 and fix e > 0. For each j G N, we may assume that Kj 
is nonempty and we may choose (x{)„ G ip{E) such that Kj C p-co{x:^: ?i G N} with 



[X: 



■3 



e 



>„;n,ip < mp{Kj){l + _„p(K^.)-i)i/P. Now, take A, = «p(A^)-i/^ where i + i = 1 and 
define the sequence {zk)k C E such that each term is of the form AjX^, following the standard 



order: 



Xix\ A1X2 ^ A1X3 



X2XI X2XI X2XI 
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A3X? 



Xsxl 



Xsxl 



Then 



E 

fc=i 



00 00 



'-if 



EE^?ii<i 

j = l 71=1 

00 



P/91 



[X: 



n)n\\£j^(^E) 



00 



< J2 MK,)-'/'MK,n^ + -«p(ir,)"i) 



J=l 



2J 



Hence, {zk)k belongs to ip{E) and ||(zfc)fc|kp(i=;) < (Sjli '"pl-^i 



a/p 



Now, a K = {^^iXj-. Xj G Kj}, we claim that /"i" C (X^^li '«p(J'C,))^/''j>-co{2;fc}. Indeed, 
if a; G -fT, then x = '^'^iXj with Xj G -fCj. Fix j G N, there exists («{)« ^ -B^, such that 
Xj = J2'^=i ^n^n- Then, x = Xl^i 12'^=i ^i^n ^^d the series converges absolutely as the 
partial sums of |q;^|||2;^|| are clearly convergent with the order given above. We may write 
X = Yl ^p{KjY^'^ai^Xjxi^ with 



Y, MK^y/^aii" = X^E i"ni'-p(^^^) < E'«p(^^)- 



j=l n=l 



3=1 



Then K C (^°li mp(Kj)) ''^p-co{zk}- It follows that K is p-compact and 

00 00 00 

Letting £ -H- 0, we conclude that mp{K) < YlT=i '^pi.^j)- 

With the usual modifications, the case p = 1 follows from the above construction consid- 
ering A,- = 1, for all j. n 



Aron, Maestre and Rueda [21 Proposition 3.5] prove that if / is a p-compact holomorphic 
mapping at some xq G E, every homogeneous polynomial of the Taylor series expansion of 
/ at Xq is p-compact. At the light of the existent characterization for compact holomorphic 
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mappings [5], they also wonder if the converse is true [21 Problem 5.2]. To tackle this question 
we need to define the p-compact radius of convergence of a function / at xq G E. 

Definition 3.2. Let E and F he Banach spaces, f G T-l{E] F) and Xq G E. IfYlm=o Pmli^o) 
is the Taylor series expansion of f at xq, we say that 

rp{f,xo) = l/limsupKp(P„/(xo))^/'" 

is the radius of p- compact convergence of f at Xq, for 1 <p < cxd. 

As usual, we understand that whenever limsup fi;p(Pm/ (2^0)) ""^^"^ = 0, the radius of p- 
compact convergence is infinite. Also, if Pmfixo) fails to be p- compact for some m, f fails 
to be p-compact and rp{f, xq) = 0. 

The following lemma is obtained by a slight modification of the generalized Cauchy formula 
given in the proof of [21 Proposition 3.5], which asserts that if / G T-LiE; F) and xq G E, fixed 
£ > we have that Pmf{xo){Bi;{0)) C co{/(i?£(xo))}, where B^{xo) stands for the open ball 
of center xq and radius e. We state the result as it will be used in Section 4, also we are 
interested in measuring the wp-size of Pmf{xo){V) in terms of the wp-size of /(xq + V) for 
certain absolutely convex open sets V G E. 

Lemma 3.3. Let E and F be Banach spaces, let xq G -E and let V G E be an abso- 
lutely convex open set. Let f G TilE; F) whose Taylor series expansion at xq is given by 
TZ=oPrnf{xo). Then 

(a) Pn,f{xo){V) G co{/(xo + 1^)}, for all m. 

(b) If f{xo + V) is relatively p-compact then mp{Pmf{xQ)(y)) < mp(/(xo + V)), for all 
m. 

Now we are ready to give a characterization of p-compact functions in terms of the poly- 
nomials in its Taylor series expansion and the p-compact radius of convergence. 

Proposition 3.4. Let E and F be Banach spaces and let f G 'H{E; F) whose Taylor series 
expansion at xq is given by J2m=oP'mfi^o)- -^'^^ 1 < P < 00, the following statements are 
equivalent. 

(i) / is p-compact at xq. 
(ii) Pmfixo) G Vk.C^E; F), for all m and limsup t^p{Pmf{xo)f''^ < 00. 

Proof. To prove that (i) implies (ii), take e > such that f{Be{xo)) is relatively p-compact 
and /(x) = J2m=iPmf{xo){x — Xq), with uniform convergence in B^{xo). By pi Proposi- 
tion 3.5], Pmf{xo){eBE) G co{f{B^{xo))} and Pmf{xo) is p-compact, for all m. Moreover, 
by the lemma above, 

KpiPmfixo)) = mp{Pmf{xo){BE)) = -^mp{Pmf {xo){eB e)) < -^mp{cd{f {Be{xQ))}). 



13 

It follows that liuisup Kp{Pmf{xo)Y^^ < -, as we wanted to prove. 

Conversely, suppose that limsup Kp(Pm/(2;o))^'''" = C > and choose < e < rp{f,xo) 
such that, for all x G i?e(xo), f{x) = '^m=iPmf{xo){x — Xq), with uniform convergence. 
Now we have 



f{Be{Xo)) C C^X,n- Xr,i G Pmf {Xo){£Be)} ■ 



m=l 

By Lemma [3?T| we obtain the result if we prove that Ylm=i ^p{Pmf{,XQ){eBE)) < C)0, which 
follows from the equality 

oo oo 

rra=l m=l 

and the choice of e. D 

Remark 3.5. Let / be a p-compact holomorphic mapping at xq and let ^^=o-^"^/(^o) be 
its Taylor series expansion at xq. Then, if e < rp{f\ xq), 

oo 

mpU\B,{xo)) < Y, MPmf{xo){eBE)), 
m=l 

where the right hand series is convergent. 

The p-compact radius has the following natural property. 

Proposition 3.6. Let E and F be Banach spaces, 1 < p < oo, and f G 'H{E; F). Suppose 
that f is p-compact at Xq with positive p-compact radius r = rp{f,XQ). Then f is p-compact 
for all X G Br{xo). Also, if f is p-compact at xq with infinite p-compact radius, then f is 
p-compact at x, for all x E E. 

Proof. Without loss of generality, we can assume that xq = 0. For r = rp{f,0), take 
X E E, \\x\\ < r. By [251 Proposition 1, p. 26], there exists e > such that f{y) = 
J2m=i Prnf{0){y) couvergcs uniformly for all y G B^^x). We also may assume that ||x||+£: < r. 

As in Proposition 13. 4^ we have that f{B^{x)) C {X]m=i-^"i- ^m ^ -Pm/(0)(i?e(x))}. Now, 
if we prove that J2m=i'^piPrnf{0){Bi;{x))) < oo, the result will follow from Lemma ISTTl 
Indeed, 

oo oo 

m=l m=l 

oo 

< J](||x||+er«,(P„/(0)(P^)) 

m=l 

oo 

= E ((11^11+ ^)'^^(^-/(o))'^i • 

m=l 

Since (||a;|| + e)r^^ < 1, the last series is convergent and the claim is proved. D 
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We recently learnt that R. Aron and P. Rueda defined, in the context of ideals of holomor- 
phic functions [1], a radius of X-boundedness which for p-compact holomorphic functions 
coincides with Definition 13.21 With the radius of X-boundedness they obtained a partial 
version of Proposition 13.41 

Thanks to the Josefson-Nissenzweig theorem we have, for any Banach spaces E and F, a 
p-compact holomorphic mapping, / G TiKpiE; F), whose p-compact radius of convergence at 
the origin is finite. It is enough to consider a sequence (x^)m C E' with ||x^|| = 1 Vm G M, 
and {x'^)m point-wise convergent to 0. Then, f{x) = Ylm=i •'^'mi^)"^ belongs to 7i{E), is 
1-compact (hence, p-compact for p > 1) and rp(/, 0) = 1 since i^p{{x'^)"^) = \\x'^\\ = 1- 
The example can be modified to obtain a vector valued holomorphic function with similar 
properties. 

There are two main questions related to j9-compact holomorphic functions which where 
stated as Problem 5.1 and Problem 5.2 by Aron, Maestre and Rueda [2]. Both arise from 
properties that compact holomorphic functions satisfy. Recall that we may consider compact 
sets as oo-compact sets and compact mappings as oo-compact functions, where n^{P) = 
\\P\\, for any compact ?TT,-homogeneous polynomial P. Let us consider / G TilE^F), by |5l 
Proposition 3.4] it is known that if / is compact at one point, say at the origin, then / is 
compact at x for all x G -E. Also, if Ylm=o^'rnf(^) ^^ ^^^ Taylor series expansion of / at 0, 
and for each m the homogeneous polynomial Pmf{0) : E ^ F is compact, then / is compact. 
With Example 13.71 we show that this later result is no longer true for 1 < p < oo. Note 
that limsup ||Pm||^^'" < C)0 is fulfilled by the Cauchy's inequalities whenever / is compact. 
Example 13 . 71 also shows that, in Proposition 13.41 the hypothesis limsup K'p{Pmf {xq)Y'^ < oo 
cannot be ruled out. For our purposes, we adapt [T5l Example 10]. 

Example 3.7. For every 1 <p < oo, there exists a holomorphic function f G 'H{li\lp) such 
that for all m Efi, P-mfiS^) are p-compact, but f is not p-compact at 0. 

Furthermore, every polynomial Pmf{y) in the Taylor series expansion of f at any y G £i 
is 1-compact, and therefore p-compact for all 1 < p < oo, but f is not p-compact at any y. 

Proof. Consider the partition of the natural numbers given by {o'm}m, where each o"m is a 
finite set of ml consecutive elements determined as follows: 




Let {ej)j be the canonical basis of £p and denote by (e')j the sequence of coordinate 
functionals on £i. Fixed m > 1, consider the polynomial Pm G P(™£i; ip), defined by 

ffYl'm/2 
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Then 

ll^^ll = (^)^/^ sup II Y: e;(x)-e,||,, < (^)V^ sup ||x|| /^ = (^)^/^ 

First, note that Pm is p-compact since it is of finite rank. Now, as hmsup ||Pm||^/'" < 
hm( "^^i/m Y^^ = 0, we may define / as the series ^^=i Pm, obtaining that / G T-Liii; ip). 



In order to show that / fails to be p-compact at 0, by Proposition I3.4[ it is enough 
to prove that Huisup Kp{PmY^''^ = oo. Fix m & N and take {xn)n £ ^pi^p), such that 
Pm{Be-^) C p-co{xn}- Each x„, may be written by x„ = Ylk^i^^^k- For each j e am, there 
is a sequence (a^)n ^ -B^ such that 



^^/2 oo oo oo oo oo 

n=l n=l fc=l fc=l n=l 

Therefore, we have that ( "^i )"^^^ = S^i Q^^^;", for each j G 0"^- Then 

m/2 °° 

OO 

< EEi"^^"!)^ 

jGcr,,, n=l 

oo OO 

jG(T„j n=l n=l 

oo 

jSo-m n=l 

We have shown that for any sequence (x„)„ G ^p(^p) such that Pm[Bt^ C p-co{x„}, the 
inequahty ||(a;„),j||^ (^ ) > m™/^^ holds. Then, Kp{P„i) > ttt,"^/^^ for all m G N. Hence, we 
conclude that limsup fi;p(Pm)^/''" = oo and, by Proposition 13. 4[ / cannot be p-compact at 0, 
which proves the first statement of the example. 

To show the second assertion, take any nonzero element y E ii and fix mo G N. For all 

Pmof{y){x)= Yl P„.(y'"-'"»,x™°) 

"^ \moJ 

m=mo ^ ' 



m=mo ^ '' ^ ' j'Go-j, 
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We claim that the sequence ( ( ™J (^) ^ ^ e'^ {y)"'-"'°ej J belongs to h (ip) . In fact 



j&CTm 



E C: ) ( '^y E mr-'- < E (1) C-^Tm"' < -. 



,mn/ \ mi / '■ — ' ■' '' — ' \fnn \ m\ 

m>mo ^ ' N -" jeam m>mo 



Then, since (ej(x)™)jgo-^ belongs to B^g, the set Pmof{y){Bi^) is included in the 1-convex 

hull of |(;;) [rn^y\'.[y)---^^^ef.m > mo, j G aA, which proves that PmJ\y) is 1- 

compact and, therefore, p-compact for every 1 < p, for any mo- 

To show that / is not p-compact at y, note that fixed m, it is enough to choose j G (Xm, 

to obtain that Pmf{y){ej) = ( "'^i j e^. Now, we can proceed as in the first part of the 

example to show that limsup fi:p(Prn./(2/))^^"* = oo. And, again by Proposition 13.41 we have 
that / cannot be p-compact at y. D 

The following example gives a negative answer to [21 Problem 5.1]. We show an entire func- 
tion which is p-compact at 0, but this property does not extend beyond the ball -Brp(/,o)(0). 
Example 13.81 proves, in addition, that Proposition 13.61 cannot be improved. We base our 
construction in [151 Example 11]. 

Example 3.8. For every 1 < p < oo, there exists a holomorphic function f G 'H{ii]ip) such 
that f is p-compact at 0, with limsup Kp{Pmf{0)Y^^ = 1, but f is not p-compact at Ci. 

Proof. Consider {(Jm}mi the partition of the natural numbers, as in Example 13.71 Let {ej)j 
be the canonical basis of Ip and denote (e^)^ the sequence of coordinate functional on £i. 

Fixed m>2, define Pm G V{"^ii;ip), the ?7i-homogeneous polynomial 
Then 



m\ 



\Pm\\= (^)^/^sup(J]|e; 






1 

—J-- sup 



< l^\^/P ciiT^ rX^ U'Ya^^|2P^l/P ^ (_\^/P 



Since lim||Pm||^/™ < lim(^)-'^/^™ = 0, we may define / as f{x) = J2m>2-Prnix), which 
belongs to T-L^ii, ip) and ^„>2 Pm is its Taylor series expansion at 0. 

Note that each P^ is p-compact, as it is of finite rank, for all m > 2. Moreover, when 
computing ||-Pm||, we showed that a{x) = (e'^(x)™~^e'(x)^) . G B^^ for all x G Bi-^. Then 
Pm{B,,) C {^y/Pp-coicf. J G a™} and since ||(e,),e.„|| J.,) = (E,e.„, 1)'/" = (^O^^^ 
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we have that Kp{Pm) < (^)^/^(m!)-^/*' = 1. Then, hmsup Kp(Pm)^'''^ < 1 and, by Proposi- 
tion [331 we have that / is p-compact at 0. 

To show that rp{f, 0) = 1, fix ?72 > 2 and e > 0. Take Xj G Bi-^ such that e[{xj) = 1 — e, 
e'j{xj) = e and e'^(xj) = for j G am and k ^ j. 

Now, fix any sequence {iin)n ^ ^p(^p) such that Pm{BiJ C ^coly^} and write i/n = 

Eoo ri 

Then, for each j G a^n there exists (a:^)„, G i?£ so that 



-. oo 

Pm{x,) = (-) V^(l - er-^e^e, = J^ ^Vr, 



ml 

n=l 



Thus, for each j G a™, the equahty {^^^^{1 - e)"'-^e^ = J2n=i "n2/" holds. 
In consequence 

((1 - £)-"V)p = y ^((1 - £)™"Vf 



OO 

jScTm 71=1 

OO 



"nyj I 



jGo-m n=l 



OO 



<EEl^.T<ll(yn)„|i;(,^, 

j6o-„ n=l 

Finally, we get that Kp{Pm) > (1 — e)™''^e'^ which implies that limsup Kp(Pm)^'''" > 1 — £^- 
Since e > was arbitrary, we obtain that rp{f, 0) = 1. 



Now, we want to prove that / is not p-compact at ei. By Proposition 13 ■4[ it is enough to 
show, for instance, that the 2-homogeneous polynomial P2/(ei): ii — > ip is not p-compact. 
We have 

(1) P2f{ei){x) = f^('^)Pm.{er^x') 

m=2 ^ ^ 

V 

where Pm is the symmetric m-linear mapping associated to Pm- 

By the definition of Pm we easily obtain a multilinear mapping Am G C{"^ii; ip) satisfying 
Pmix) = Am{x,. . . ,x), defined by 

Am{Xl, . . . ,Xm) ^ [ 7) Gl[Xl) ■ ■ ■ ei[Xm~2) / ^ ^j\Xm-l)&j\Xm)^j- 
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Let Sm be the symmetric group on {1, . . . , m} and denote, for each ^ G Sm, the multihnear 
mapping Af^ given by A^(xi, . . . , x„) = ^^(^^(i), . . . , xg(^)). Then we have 









™-2,x2) 



Since ^^(xi, . . . , Xm-2, ei, x^-i) = Am{xi, ..., Xm-i, ei) = 0, for all xi, . . . , x^-i e h, and 
A^(er',x2) = (^)'^'E,e..e;.(x)2e„ we obtain 

(2) ii(er^x^) = ^2{m-2)\i^y/^ ^ e;.(x)%.. 

Combining ([T]) and (|2]) we get that 

m,>2 j&CFm. 

Suppose that P2/(ei) is p-compact. Hence, there exists a sequence (|/n)n ^ ^pi^p), Vn = 
Sfcli^/fcCfc such that P2f{ei){BiJ C p-co{|/„}. For each j e a^, there exists (a^)„ G S^, 
such that P2f{ei){ej) = i:^Y^^ej = Xl^i'^nl/n- ^^ in the Example \3.7\ we conclude that 

Hence 



m>2 jEam m>2 j^am n=l 

oo 



lyj I 



£ EEEKir'EKi' 

m>2 j^Um n=l n=l 

oo 

< EEEki' 

m>2 jdam n=l 
< ll(2/n)n||^^(^^) < OO, 

which is a contradiction since Ylim>2 X]j6o-„((^)^^*')'' i^ ^^^ convergent. Therefore, / cannot 
be p-compact at Ci, and the result is proved. D 



4. The ^-approximation property and ^-compact mappings 

The concept of p-compact sets leads naturally to that of p-approximation property. A 
Banach space E has the p- approximation property if the identity can be uniformly approxi- 
mated by finite rank operators on p-compact sets. Since p-compact sets are compact, every 
space with the approximation property has the p-approximation property. Then, this prop- 
erty can be seen as a way to weaken the classical approximation property. 

The p-approximation property has been studied in [lOl [12] related with p-compact linear 
operators and in [2] related with non linear mappings. The relation between the approxi- 
mation property and compact holomorphic mappings was first addressed in [S]. Here, we 
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are concern with the study of the p-approximation property and its relation with p-compact 
polynomials and holomorphic functions in the spirit of |2j and [5]. 

We start characterizing the notion of a homogeneous polynomial P being p-compact in 
terms of different conditions of continuity satisfied by P' the transpose of P. The first 
proposition gives an answer to [2| Problem 5.8] and should be compared with [5l Proposition 

3.2]. 

Before going on, some words are needed on the topologies which we will use. We denote 
by Vc{"^E) the space V{"^E) considered with the uniform convergence on compact sets of 
ii^, if m = 1 we simply write E'^. When compact sets are replaced by p-compact sets we use 
the notation Vcpi^E) and E'^^. By the Ascoli theorem, any set L C Vd^E) is relatively 
compact if and only if suppg^ ||P|| is finite. Also, if L C Vcpi^E) is relatively compact we 
have that L is point-wise bounded and then, by the Principle of uniform boundedness, L is 
relatively compact in Vci^E). Now we have: 

Proposition 4.1. Let E and F he Banach spaces, 1 < p < oo, and P G V{"^E; F). The 
following statements are equivalent. 

(i) PeVK,iE;F). 

(ii) P': F^p -^ Vi^E) is continuous. 

(iii) P': F^p -^ Vc^E) is compact. 

(iv) P': F'^p — )■ Vcqi^E) is compact for any q, 1 < q < oo. 

(v) P' : F^p — )■ Vcqi^E) is compact for some q, 1 < q < oo. 



Proof. Suppose (i) holds, then P{Be) = K is p-compact and its polar set K° is a neighbor- 
hood in F^p. For y' G K° we have that \\P'{y')\\ = sup^g^^ \y'{Px)\ < 1, and P' : F^^ -> 
V{^E) is continuous. 

Now suppose (ii) holds, then there exists a p-compact set K (Z F such that P'{K°) is 
equicontinuous in Vi^E). By the Ascoli theorem, P'{K°) is relatively compact in VcC^E) 
and P': F^^ -^ VcC^E) is compact. 

The continuity of the identity map Vci^E) M- Vcqi^E) gives that (iii) implies (iv), for all 
1 < g < oo. Obviously, (iv) implies (v). To complete the proof, suppose (v) holds. Then, 
there exist an absolutely convex p-compact set ii' C -F and a compact set L C Vcq(J"E) such 
that P'{K°) C L and therefore, there exists c > such that sup ,g;^o ||P'(y')|| < c. Note that 
for any x G c^'Be and y' G K° we have that |P'(y')(x)| = \y'{Px)\ < 1. Then P(x) G if, 
for all X G c^'Be and P is p-compact. D 

Now, we characterize the p- approximation property on a Banach space in terms of the 
p-compact homogeneous polynomials with values on it. In order to do so we appeal to the 
notion of the e-product introduced by Schwartz [28]. Recall that for E and F two locally 
convex spaces, FeE is defined as the space of all linear continuous operators from E' to F, 
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endowed with the topology of uniform convergence on all equicontinuous sets of E' . The 
space FeE is also denoted by C^{E'^;F). In Proposition 3.3] its shown, for all Banach 
spaces E and F, that (P("^F), ||.||)eE = /:,(E^; (P(™F), ||.||)) = (pA'C^i^; ^), ||-||), where 
the isomorphism is given by the transposition P ^ P' . As a consequence, it is proved that 
Vi^F) has the approximation property if and only iiVi^F) ®E is ||.||-dense in Vk{"^F; E) 
for all Banach spaces E and all m &N. We have the following result. 

Proposition 4.2. Let E and F be Banach spaces. Then {VKpi"^F; E), ||.||) is isometrically 
isomorphic to C,{E'^^] (P(™F), ||.||)). 

As a consequence, E has the p- approximation property if and only ifV{"^F)®E is ||.|| -dense 
in Vkp{"^F] E) for all Banach spaces F and all m eN. 

Proof. Note that [(i) implies (ii)] of Proposition 14. ![ says that the transposition operator 
maps a p-compact polynomial into a linear map in Ce{E'^ ;P(™F), ||.||)). Now, take T an 
operator in C^{E'^ ; P(™F), ||.||)). Since the identity map l: E'^ -> E'^^ is continuous, T 
belongs to C^{E'^;V{"^F),\\.\\)). By [5l Proposition 3.3], we have that T = P' for some 
P G Vk{"^F; E). In particular, P' : E'^^ -^ V{^F) is continuous and by [(ii) implies (i)] of 
Proposition 14.11 P is p-compact. 

For the second statement, if E has the p- approximation property, G ^ E is dense in 
Ce{E'^ ]G), for every locally convex space G, |20]. In particular we may consider G = 
{V{"^F), ||.||). Conversely, with ?t2 = 1 we have that F' ^ E is ||.||-dense in }Cp{F]E) for 
every Banach space F. Now, an application of [121 Theorem 2.1] completes the proof. D 

At the light of [HI Proposition 3.3], we expected to obtain a result of the type V{"^E) has 
the p- approximation property if and only if Vif^E) ® F is ||.||-G?ense in Vkp(^E] F) for all 
Banach spaces F and all m G N. Unfortunately, our characterization is not as direct as we 
wanted and requires the following notion. 

Definition 4.3. Let E be a Banach space, A an operator ideal and a a norm on A . We 
say that E has the {A, a) -approximation property if F' ® E is a-dense in A{F,E), for all 
Banach spaces F. 

The relation between an ideal A with the ideal of those operators whose transpose belongs 
to A leads us to work with the ideal of quasi p-nuclear operators QAfp- 

Proposition 4.4. Let E be a Banach space and fix m eN. Then, 

(a) V{^E)®F is \\.\\-dense in Vk (^E; F), for all Banach spaces F if and only ifV(f"E) 
has the {Q^/p, \\.\\) -approximation property. 

(b) Vif^E) has the p- approximation property if and only ifVC^E) ^ F is \\.\\-dense in 
{P e V{E] F): LpE QNpi^'^E- F)}, for all Banach spaces F. 



21 



Proof. The space V{^E), or equivalently (®™£')' , has the {QJ\fp, ||.||)-approximation prop- 
erty if and only if {^"^ E)' ^ F is ||.||-dense in lCp{0^ E\ F) for all Banach spaces F, see 



|20j . In virtue of Lemma I2.H it is equivalent to have that V{^E) ® F is ||.||-dense in 
Vk {"^E;F). Then, statement (a) is proved. Note that (a) can be reformulated saying that 
Vi^E) has the {QN'p, ||.||)-approximation property if and only if Vi^E) ®F is ||.||-dense in 
{P G V{E- F): Lpe Kpi^'^E- F)}, for all Banach spaces F. 

For the proof of (b), we use that the p-approximation property corresponds to the {A, ||. ID- 
approximation property for the ideal A = ICp, of p-compact operators. The result follows 
proceeding as before if the ideal K-p and its dual ideal QAfp are interchanged. D 



Now, we change our study to that of p-compact holomorphic mappings. Aron and Schot- 
tenloher described the space of compact holomorphic functions considered with r^, the Nach- 
bin topology [25]) via the e-product. Namely, they show that (TixiE; F), r^) = Ce{F^] 'H{E), r^^), 
where the isomorphism is given by the transposition map / H- /' [5l Theorem 4.1]. The 
authors use this equivalence to obtain, in presence of the approximation property, results 
on density similar to that of Proposition 14.21 Recall that /': F' — )■ 'H{E) denotes the linear 
operator given by f'{y') = y' o f- With the next proposition we try to clarify the relationship 
between p-compact holomorphic mappings and the e-product. The result obtained gives, 
somehow, a partial answer to [21 Problem 5.6]. 

Proposition 4.5. Let E and F be Banach spaces. Then, 

(a) {1-Lkp{E]F),Tui) is topologically isomorphic to a subspace of CeiE^^; {l-i{E) , t^^)) . 

(b) Ce{F'^p] {'H(E), r^)) is topologically isomorphic to a subspace of {f G 'H(F; F) : Pmf{x) G 
Vkp{"^E] F), Vx G E, Vm G N}, considered with the Nachbin topology, r^. 



Proof. To prove (a), fix / in Tix (E; F) and consider q any r^-continuous seminorm on Ti^E). 
By [T6l Proposition 3.47], we may consider only the seminorms such that, for g G 'H(F), 



1(9) = Yl \\P"^9iO)\\K+a^BE, 



m=0 



with K G E a.n absolutely convex compact set and {am)m a sequence in Cq. There exists 
V G E, an open set such that 2K G V and f{V) G F is p-compact. Fix tuq G N such 
that 2K + 2amBE G V, for all m > niQ. Now, choose c > such that c(2K + 2amBE) G 
2K + 2amoBE C V, for all m < mo. The polar set of fiV), f(y)°, is a neighborhood in F^^. 
By the Cauchy inequalities for entire functions, we have for all y' G f{Vy, 
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<lif'iy'))= f2\\Pm{y'of)mK-,a^B, 

Tn=0 
oo ^ 



m=Q 



Yl ■7^^\\Prn {y' O f) {0)\\2K+2a^BE + Yl ^ H^™ (?/' ° /) (0) ll2i^+2a„B£ 



m<mo m>mo 

^ E 7A;rll^™(^'°/)(0)l|c(2i.4-2a.B,)+ 5^ ^ll^m(y'°/)(0)|| 
m<rrn) ^ ' m>mo 

m<mo ^ ' m>mo 



2A'+2a„B£; 



-2am,BE 



^ Yl 7^\\y'°f\\y+ Y ^\\y'°f\\v 

m<mo ^ ' m>mo 

v^ 1 V^ 1 

^ Z. 7^+ Z. ^<°«- 

m<mo rn>mo 

Then /' G Ci^F'^^; (T-L^E), Tuj)). Again, we use the continuity of the identity map t: F^ ^ F^^ 
now, [5l Theorem 4.1] imphes the result. 

To prove that (b) holds, take T G C^F'^^] {1-L{E),t^)) which, in particular, is an operator 
in £(F^'; {n{E),T^)). By |5l Theorem 4.1], T = f for some / G 1-Lk{E-F). By virtue of 
Proposition 14. H it is enough to show that {P^fi^x))' : F^^ — )■ {V{^E), ||.||) is continuous, for 
each m eN. Consider D!^: {l-i{E),TS) — )■ (V{^E), ||.||) the continuous projection given by 
D^(g) = Pmg{x), for all g G n{E). Note that {Pmf{x))' and D^ o /' coincide as linear 
operators. Hence, we obtain the result. D 

Example 13.71 shows that there exists an entire function / : £i — )■ ip, so that every homo- 
geneous polynomial in its Taylor series expansion at y is g-compact for any y G ^i, for all 
1 < q < oo, but / fails to be g-compact at y, for every y and every q < p. However, we have 
the following result. 

Lemma 4.6. Let E and F be Banach spaces. Then, 
Uk.XE; F) is T^-dense m {/ G niE; F) : P^/(x) G Px^T^; F), Vx e E, Vm G N}. 

Proof. Fix / G niE; F) so that P„/(x) G Vx^i^'E; F) for all x G ^ and for all m. Let e > 
and let q be any r^-continuous seminorm on HIE; F) of the form 

oo 

Qia) = Y \\Prng{0)\\K+a^BE, 
m=0 

with K G E absolutely convex and compact and {am)m G Cq . Consider mo G N such that 

Em>mo ll^m/(0)||A'+a„BE < S. NoW, let /o = ^m<mo ^raf (0) , which is p-COmpact. NotC 

that q{f — /o) < e and the lemma follows. D 
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Proposition 4.7. Let E be a Banach space. Then, the following statements are equivalent. 

(i) E has the p- approximation property. 
(ii) 'H(-F) ® E is Ti^-dense in TiKpiE; E) for all Banach spaces E . 

Proof. If E has the p- approximation property, E®G is dense in Ce{E[ ; G) for all locally con- 
vex space G [20], in particular if we consider G = ('H(F), t^^). Applying Proposition 14.51 (a), 
we have the first assertion. 

For the converse, put Uq = {f e n{E-E): Pmf{x) G Vkp{"'E]E), Vx G ^, Vm G N}. 
By Lemma 14. 6[ 'H{E) ^ E is r^-dense in T-Lq. Now, take T G /Cp(-F; E) and e > 0. Since 
T G "Ho and q{f) = ||Pi/(0)|| is a r^^-continuous seminorm, there exists g G 'H(F) (g) _E such 
that q{T — g) < e. But q{T — g) = \\T — Pi(7(0)|| and since -Pi5'(0) E E' (^ E, we have shown 
that E' ^ E is ||.||-dense in ]Cp{E;E). By [121 Theorem 2.1], E has the ^-approximation 
property. D 

5. HOLOMORPHY TYPES AND TOPOLOGIES 

In this section we show that p-compact holomorphic functions fit into the framework 
of holomorphy types. Our notation and terminology follow that given in [15]. Since, 
Vk ('"-E; E) is a subspace of V(J^E; E) and Vk {^E; E) = E, the first two conditions in 
the definition of a holomorphy type are fulfilled. Therefore, we only need to corroborate 
that the sequence {Vk {"^E; E), Kp)^ satisfies the third condition. Indeed, this last condi- 
tion will be also fulfilled if we show 

(3) ^piPiiPKa)) < (2e)™K,(P)||a||'"-', 

for every P G Vk (™-E; E), for all / = 1, . . . ,m and for all m, where Pi{P){a) denotes the 
Z-component in the expansion of P at a. 

A function / G ^(-E; E) is said to be of holomorphic type Kp, at a, if there exist ci, C2 > 
such that each component of its Taylor series expansion, at a, is a p-compact polynomial 
satisfying that Hp{Pmf{,o)) < cic^. 

To give a simple proof of the fact that (Vkp{"^E; E), i^p)m satisfy the inequalities given in 
([3]) we use the following notation. Let P G V{"^E; E) and fix a G P, we denote by P^i the 
(m — /)-homogeneous polynomial defined as 

V 



,i[X 



P{a\x'''-^] 



for all X G P and / < m. Note that, for any j < I < m, we have that Pai = {Pa'-i)a:> and that 
Pi(P)(a) = (^™ JP^m-!. We appeal to the description of Pa given in [HI Corollary 1.8, b)]: 

(4) Paix) = ha, X--') = ^^T-^W £ ^^^^ - 1)^'^ + «)• 
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where r G C is such that r™ = 1 and r^ ^ 1 for j < m. 

Theorem 5.1. For any Banach spaces E and F, the sequence (Vxpi^^E; F), Kp)^ is a holo- 
morphy type from E to F. 

Proof. UP e Vk^C^E; F) by [21 Proposition 3.5] or PropositionOwe have that Pj{P){a) E 
Vxpi'^E] F) for all a E E, for all j < m. To prove the holomorphy type structure, we will 
show that Hp{Pj{P){a)) < 2"'e"'\\a\\"^-^ Kp{P), for all j < m. 

Fix a E E. If we show that Kp{Pa) < e||a||Kp(P) then the proof is complete using a 
generalized inductive reasoning. Indeed, suppose that for any p-compact homogeneous poly- 
nomial Q, of degree less than m, the inequality Hp{Qa) < e||a||fi;p((5) holds. Then, since 

Pa^ = {Pa^-^)a and Pj{P){a) = {j)Pam-,, WC obt 



am 



< 2™e™||a|r-^Kp(P). 
Now, take P G Vkp^E- F). Then 
(5) np{Pa) = mp{P{a,B^-')) = ||a||«p(P(^,Pr'))- 

Using (jl]) and Lemma [3.11 we have 

II II j^i 

Since sup{||a;|| : x E {m — \)r^ Be + it^} = rn, 

iia|i«p(p(^,pr^)) < ^.(jLV^ E'»p(-p((^ - ^y^^ + r)) 

(7) """^ 

< ||a||(^r-%(P)<e||a||Kp(P). 
Combining ([5]), ([6]) and ([7]) we get that Hp{Pa) < e||a||fi:p(P), as we wanted to show. D 

As a consequence we have the following result. 

Corollary 5.2. Let f be a function in ?/(£'; F), then f E TiKpiE; F) if and only if f is of 
Kp-holomorphy type. 

Proof. It follows from Theorem 15. II and [21 Proposition 3.5] or Proposition 13. 4[ D 
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Remark 5.3. Theorem 15. II can be improved. Indeed, the same proof of Theorem 15.11 shows 
that the sequence {VKp(J^E] F))„^ is a coherent sequence associated to the operator ideal 
]Cp{E]F) (see [8] for definitions). 

Since Tix [E, F) is a holomorphy type, following |2S] we have a natural topology defined 
on 'Hkp{E,F) denoted by r^,^^. This topology may be generated by different families of 
continuous seminorms. The original set of seminorms used to define r^ „ corresponds to the 
family of seminorms given below in Theorem 15.51 item (c). Our aim is to to characterize the 
Kp-approximation property of a Banach space E in an analogous way to [5l Theorem 4.1]. 
In order to do so, we will give different descriptions of r^,„ . First, we need the following 
result. 

Proposition 5.4. Let E and F be Banach spaces. Then, f G l-LxpiE] F) if and only if, 
for all m, Pm/(0) € Vk (^E;F) and for any absolutely convex compact set K, there exists 
e > such that J2n=o '«p(^m,/(0)(i^ + eBe)) < oo. 

Proof. Take / G TiKpiE; F) and K an absolutely convex compact set. Then, 2K is also 
absolutely convex and compact. For each x G 2K, there exist e^ > such that f{x + SxBe) 
is p-compact. Now, we choose Xi, . . . ,x„ G 2K such that K C IJ?=i(^j + ^xjBe) and with 
V = IJ?=i(^i + ^xjBe) we have that fiV) is p-compact. Let d = dist(2K,CV) > 0, where 
CV denotes the complement of V. Let us consider W = 2K + dBs, then W is an absolutely 
convex open set and 2K gW G V. Then, applying Proposition 13.31 we have 

oo oo 

Y,MPmfmK + d/2BE) = ^(l/2)-;„p(P^/(0)W) < 2mp{f{W)) < OO, 
n=0 n=0 

which proves the first claim. 

Conversely, let / G 'H{E; F) satisfy the conditions in the proposition. We have to show 
that / is p-compact at x for any fixed x E E. Consider the absolutely convex compact set 
K, given hy K = {Ax: |A| < 1}. Then, there exists ei > such that Yl^=a 'np{Pmf{0){K + 
SiBe)) < C)0. Since / is an entire function, by [25l Proposition 1, p. 26], there exists £2 > 
such that fiy) = X]m=i -Pm/(0)(?/) uniformly for y G Be^{x). Let e = min{ei;e2}, then 
fiBsix)) C {E^=o^-: x^ G P^f{0){B,{x))}. 

Also 

00 00 

J2^piPmfmBe{x)) <J2^piPrnfmK + eiBE)) < OO. 
m=0 m=0 

Now, applying Lemma [3A] we obtain that / is p-compact at x, and the proof is complete. D 

The next characterization of the topology r,^,^^ associated to the holomorphy type T-iKpiE; F) 
follows that of |15] and [251. 



Theorem 5.5. Let E and F be Banach spaces and consider the space TiKpiE; F). Any of 
the following families of seminorms generate the topology r^,„p. 
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(a) The seminorms p satisfying that there exists a compact set K such that for every 
open set V D K there exists Cy > so that 

p{f)<CvMfiV)) yfenK,{E;F). 

In this case, we say that p is mp-ported by compact sets. 

(b) The seminorms p satisfying that there exists an absolutely convex compact set K such 
that for every absolutely convex open set V D K there exists Cy > so that 

p{f) < CvrnpifiV)) V/ G -HK.iE; F). 

In this case, we say that p is AC-mp-ported by absolutely convex compact sets. 

(c) The seminorms p satisfying that there exists an absolutely convex compact set K such 
that, for all e > exists C{e) > so that 

oo 

p{f) < C(£) J]£'-sup«:p(P„/(x)) V/ G nK,{E-F). 

m=0 

(d) The seminorms p satisfying that there exists an absolutely convex compact set K such 
that, for all s > exists C{e) > so that 



p{f) < C{e) Y, MPn^fmK + sBe) V/ G Uk,{E- F). 

■m=0 

(e) The seminorms of the form 

oo 

p(/) = Y, MPmfmK + a^BE)), 
where K ranges over all the absolutely convex compact sets and {am)m G Cq . 

Proof. First note that if / is p-compact and ii' is a compact set, there exists a open set 
V D K such that fiV) is p-compact. Then, seminorms in (a) and (b) are well defined on 
TiKpiE; F). Also, in virtue of Proposition 15 ■4[ seminorms in (d) and (e) are well defined. 
Standard arguments show that seminorms in (a) and (b) define the same topology. 

Now we show that seminorms in (b) and (c) coincide. Let p be a seminorm and let K be an 
absolutely convex compact set satisfying the conditions in (c). Let V D K he any absolutely 
convex open set and take d = dist(-R', CV) > 0. By Proposition 13.31 since K + dBs C V, we 
get 

mp{P^f{x){dBE)) < Mp{f{x + dBE)) < Mp{f{V)), 

ioT all f enKp{E;F). Thus, 



d"'snpKp{P^f{x))<mp{f{V)), 

xGK 



for each m. Hence 
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p{f)<C{l)Y,iir^^P.eK'^p{Pmf{x))<2C{l)m,{f{V)), 
m=0 

which shows that p is AC-mp-ported by K. 

Conversely, let p be a seininorm, let K be an absolutely convex compact set satisfying the 
conditions in (b). Fix s > and take Xi, . . . , x„ in i^ such that K G V with V = IJ^i ^ei^j)- 
As we did before, we may find an absolutely convex open set W so that K G W G V. Let 
/ G Hk , without loss of generality we may assume that e < rp{f, x) for all x ^ K. By 
Remark 13.51 we obtain 



mp{f{B,{x,))) < ^£'"«:p(P„/(x,)) < ^£'"supKp(P„J(x)). 
m=0 m=0 

As p is AC-OTp-ported by K, we have that p{f) < Cwmp{f{W)) < Cw>np{f{V)) and therefore 

n 
P{f) <CwY.mp{f{B,{x,))) 

i=i 

n oo 

j=l m=0 

oo 

= nCw V" e:™ sup Kp{Pmf{x)). 

Thus p belongs to the family in (c). If £ > rp{f,x), then ^m>o ^"^ ^^P^s-ft: '^p{Pmf{x)) = oo 
and the inequality follows. 

By the proof of [151 Proposition 4] , we have that seminorms in (d) and (e) generate the 
same topology. Finally, we show that seminorms in (d) and (b) are equivalent. The proof of 
Proposition 15. 41 shows that seminorms in (d) are AC-mp-ported by absolutely convex compact 

sets. 

To conclude the proof, consider a seminorm p and an absolutely convex compact set K 
satisfying conditions in (b). We borrow some ideas of [161 Chapter 3]. For each m, let Wm 
be the absolutely convex open set defined by Wm = K + {■^)"^Be- Since p is AC-Wp-ported 
by K, for each m. G N, there exists a constant Cm = Cwm such that p{f) < Cmmp{f{Wm)), 
every p-compact function /. 

For m = 1, there exists ni G N, such that for all n > ni, Ci < 2. Take Vi = 2Wi. Now, 
if n > m and Q G Vx^i^'E; F), 

p{Q) < Crmp{Q{Wr)) = ntpiQiCl'-'W^)) < Mp{Q{V^)). 

1 In 

For 771 = 2, there exists n2 > ni such that Cg < 2, for all n > n2- Now, take V2 = '2W2 
and, as before, we have for any Q G Vxpi^'E; F), with n > 722, 

P{Q) < C2mp{Q{W2)) = mp{Q{Cl^''W2)) < «p(Q(V^2)). 
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Repeating this procedure we obtain a sequence of absolutely convex open sets Vj satisfying 

Pif) < Y.p{Pn.fm = Y, piPmim + E E piPrnim 

m>0 m<ni j>l nj<m<njj^i 

< Cy, J2 ^v^Pmfmvi)) + Y. E '-piPmfmv,)) 
<c{y. MPmfmv,)) + J2 E MPmfmv,)) 

\m<ni j>l nj<m<nj-f-i 

where C = minjl, Cy^} and the result follows since Vj = 2K + {^)^^^Be and the seminorm p 
is bounded above by a seminorm of the family of the form (e) . Now, the proof is complete. D 

We finish this section by inspecting the Kp-approximation property introduced in [13]. We 
will show that p-compact homogeneous polynomials from F to E can be Kp-approximated 
by polynomials in V{"^F) (g) E whenever E has the Kp- approximation property. We then 
obtain a similar result for p-compact holomorphic functions. What follows keeps the spirit 
of [5], Theorem 4.1]. Recall that a Banach space E has the Kp- approximation property if for 
every Banach space F, F' ® E is Kp-dense in /Cp(F; E). 

Theorem 5.6. Let E be a Banach space. The following statements are equivalent. 

(i) E has the Hp- approximation property. 

(ii) For all m G N, Vi^F) ® E is Hp-dense in P^ {"^F, E), for every Banach space F. 
(iii) 'H(-F) ® E is r^^^^-dense in TiKpiF; E) for all Banach spaces F . 

Proof. First, suppose that E has the /tp- approximation property and fix ?Ti G N. Then, 



((g)™ F)'®E is Kp-dense in i^p((S)™ F; E) which, by PropositionEH coincides with {Pkj,{^F, E), Kp), 
via the isomorphism given by P i— ?■ Lp. Thus, (ii) is satisfied. 

Now, assume (ii) holds. Take / G Hk {P,E), e > 0. By Theorem 15. 5[ we may con- 
sider a r^^ „p-continuous seminorm of the form q{f) = Ylm=o ^pi.PmfiS^){.K + a^Bp)), where 
K <Z F \s an absolutely convex compact set and {am)m £ Cq . Let mo G N be such that 
Em>mo mp{Pmf{'S){K + a,^^^)) < f and let C > be such that ^{K + a^5^) C Bp, for 
all m < tuq. Given 5 > 0, to be chosen later, by hypothesis, we may find Qm G V{"^F) ® E 
such that Kp{Pmf{0) — Qm) < <^, for all m < niQ. Define g = YlmLoQm, which belongs to 
'H(F) ® E, then 



mo 



q{f -9) =Y1 «p((^™/(0) - ^™)(^^ + «™^i^)) + E ^piPmjmK + amBp)) 



m=0 'm>mo 

mo 

< J]C™«:p((P^/(0)-QJ) + |. 

m=0 

Thus, q{f — g) < e ioT a. suitable choice of S, which proves (iii). 
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Finally, suppose we have (iii). Take T G Kp{F, E), e > and the seminorm on TixpiF; E) 
defined by g(/) = Kp(Pi/(0)). Since q is Tj^^^p-continuous, by assumption, there exist 
/i) • • • ) /n ^ '^(-^) s-iid Xi, . . . , x„ G -E, such that g(T — Yll=i fj ® ^i) < ^- I^ other words, 
Kp{T — Yl^=i -Pl/j(0) ® ^j) < ^ which proves that F' ® E is Kp-dense in Kp{F, E). Whence, 
the proof is complete. D 
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